In a very recent experiment, an exotic Mott insulating phase has been observed in the ABC-stacked trilayer graphene-boron nitride Moire superlattice at half-filling. Based on symmetry analysis and effective band structure calculation, we propose a valley-contrasting chiral tight-binding model with a local inter-valley Coulomb interaction. By matching the positions of van Hove points in the lowenergy effective band structure, the valley-contrasting flux is determined to be around π/2 per a triangle, which is crucial for the valley correlated physics. From the weak coupling approach, such a flux induces a perfect nesting between the 1/2 filled Fermi-surfaces, leading to the inter-valleyspiral order. Moreover, in the strong coupling limit, a Mott gap divides the valence band into two sub-bands. When the lower sub-bands is fully filled, the flux serves the minimization of the valley exchange energy. Hence, the ground state at 1/2 filling is characterized by a valley pseudo-spin 120
I. INTRODUCTION
Valley as the degrees of freedom has emerged in the low-energy physics of graphene-based systems [1, 2] . Its amazing topological consequences have been actively explored [3] [4] [5] [6] [7] [8] . Due to its low density of states, the valley degrees of freedom rarely set foot in strongly correlated phenomena. The strongly correlated physics, however, has never stopped amazing us with rich intertwining orders and unconventional high Tc superconductivity. It would be exciting to see if the valley degrees of freedom can play an important role in a correlated system. Recently, the Moire heterostructures have been becoming a potential realization, as it efficiently folds the electronic band into thousands of the Moire mini-bands and separates the low-energy valleys. In this way, the valley is disguised as a low-energy emergent local orbital on the Moire superlattice, and the large scale of the superlattice significantly suppresses the kinetic energy, giving the way to the dominant local Coulomb interactions. Very recently, several thrilling experiments come to display a compelling evidence of strongly correlated physics in such systems.
It was reported by Cao et al. [9, 10] , that the magicangle twisted bilayer graphene (TBG) exhibits Mott insulating phase at half-filling of a narrow flat band, as well as unconventional superconductivity upon lightly hole doping. Later on, Feng Wang and his collaborators [11] also reported the similar insulating phase in the heterostructure of the ABC-stacked trilayer graphene and hexagonal boron nitride (TLG/hBN). In both systems, the translation symmetry is ruined in the original carbon lattice scale ∼ 0.246 nm, but restored in a larger length scale, i.e., the Moire wavelength ∼ 15 nm, upon which the triangular Moire superlattice emerges. The Moire potential scattering and Dirac physics conspire to suppress the bandwidth to ∼ 10 meV, and in turn the local Coulomb repulsion estimated ∼ 10 meV comes to dominate and drives the systems into strongly correlated regime. Although the Moire bandstructure of twisted multi-layer graphene on the hBN has already been intensively studied in the past ten years [12] [13] [14] [15] [16] , the newly emergent correlated physics, such as Mott insulating phase and unconventional superconductivity, is far beyond the theory of noninteracting band theories. To reveal the strongly correlated nature of the Mott insulating state, a minimal model capturing the relevant Moire electronic band structure and strong local interactions is urgently needed. Indeed, a series of subsequent works [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] concerning with this issue have already been proposed soon after the experiments.
Unlike many people who pay attention to the TBG system, we focus on the correlated physics of TLG/hBN instead. There are several reasons for this. First, the band structure of the TBG is highly sensitive and changes dramatically with the twisting angle, which necessarily complicates the theoretical formulation, as evidenced by the variety of controversial minimal models proposed. In contrast, the TLG without twisting has a rather clean and deterministic electronic band structure, giving the arXiv:1806.07535v1 [cond-mat.str-el] 20 Jun 2018 possibility to establish a simple theoretical formulation. Second, it is hard to accurately control the small twisting angle and hence the band structure of TBG experimentally, while the heterostructures of multi-layer graphenes on the hBN can be well manipulated by a perpendicular electric field and has been under intensive research [34] [35] [36] [37] [38] [39] . Third, the physics in the TLG/hBN can be possibly extended to a richer family of multi-layer graphenes on hBN, while it is theoretically much more difficult to generalize the twisting bilayer graphene to multilayers.
Among the variety of recent theoretical works, we were the first to demonstrate that the half-filled Fermi-surface (FS) of the two valleys in TLG are exposed to a strong nesting effect and van Hove singularities, leading to the inter-valley-spiral (IVS) order [19] . We also pointed out that a similar mechanism is likely to happen in the TBG system, except that there would be a triple-Q nesting between valleys instead of single-Q nesting. The triple-Q nesting scenario has been firmly carried out by a series of subsequent works [22, 29, 30] . From this weak coupling approach, the Mott features in both TBG and TLG/hBN systems near half-filling are mainly ascribed to the special valley kinetics. However, the weak coupling approach is hard to account for the Mott insulating states when the FS has less nesting effect, so the local interactions should be considered beyond the weak coupling limit.
In this paper, we keep the valley kinetics of the valleycontrasting flux to consider the strong coupling scenario in the TLG/hBN, which will be proved to play a crucial role in pinning down the 1/2-filled Mott insulating phase. The resulting Mott insulating phase is determined to be a valley pseudospin 120
• long-range ordered state. This insulating phase bears the same valley feature as the IVS order established in weak coupling theory, justifying the same valley order happens even at intermediate coupling regime or in the presence of less nesting between the valley FS. In addition, it is a common wisdom that lightly hole doping promises unconventional superconductivity. Nevertheless, the superconducting signature is elusive in the TLG/hBN so far. This still raises a natural question as to the superconducting nature in this system. We investigate the pairing instability within our strong coupling approach, where the valley-exchange interaction will induce the C 3 -symmetric inter-valley chiral pairing instability. Depending on the detailed FS structure, the pairing symmetry could be either p ± ip or d ∓ id. Due to the valley contrasting flux which breaks SU(2) v valley symmetry, the Cooper pairs become a complex mixture of the valley singlet and triplet states.
We also notice that there have been several works concerning the Mott insulating state and superconductivity of the TLG/hBN Moire superlattice [17, 26, 32] . However, our model and results are drastically different from theirs. In brief, the discussion [26] was based on the SU(4)-symmetric spin-valley-exchange interaction, while our valley-exchange interaction has a U(1) v -symmetry due to the presence of a valley contrasting flux. On the other hand, a similar valley-contrasting flux model [32] was also independently proposed, but their leading spinvalley-exchange interaction maintains SU(4) symmetry. In the most recent paper from the same group [32] , the authors argue that the Mott insulating states are the ferro-spin and ferro-valley Chern insulators. In contrast, we shall shown that the antiferro-valley order in the Mott insulating state from both the weak coupling approach and strong coupling theory.
The paper is organized as follows. The Moire band structure of the TLG/hBN system is discussed in Sec. II. In Sec. III, the spin-valley-Hubbard model is proposed and the Mott insulating state with IVS order is established from the weak coupling point of view. We consider the effective model Hamiltonian in the strong coupling limit in Sec. IV, and the Mott phase at halffilling is well explained. In Sec. V, we investigate the pairing instability driven by valley fluctuations when the Mott insulator is doped by a small amount of holes. In Sec. VI, we shall compare our theories with others and discuss the possible experimental signals and some further generalization of our model. Several related analysis and calculations are included in the Appendix.
II. MOIRE BAND STRUCTURE
The ABC-stacked trilayer graphene (TLG) has the same Bravais lattice as in the monolayer graphene. But the electron and hole touching at zero energy support chiral quasiparticles with 3π Berry phase, generalizing the low-energy band structure of the monolayer and bilayer graphene and characterizing a trigonal warped triple Dirac dispersion in each valley [4] . The hBN also forms a honeycomb lattice but has a lattice constant about 1.8% larger than that of the graphene. Thus the heterostructure of TLG and hBN can form a triangular Moire superlattice shown in Fig.1a , which contains three interlaced regions in each Moire unit cell. The TLG/hBN heterostructure possesses the three-fold rotational symmetry along the z-axis C 3 , the mirror reflection symmetry with respect to the y − z plane M x , the in-plane inversion symmetry I and the time reversal symmetry T . The hBN has a large charge gap ∼ 2.3 eV and therefore contributes only a Moire periodic potential to the low-energy dynamics. Stemming from the difference between boron and nitride atoms, the Moire potential breaks the protecting symmetry of the Dirac points [8, 15] , i.e. the sub-lattice symmetry C 2 · T . In the momentum space, the Moire periodic potential scatters the low-energy valleys repeatedly to form a Moire reciprocal lattice. Within the Moire mini-Brillouin zone (mBZ), the dispersion is folded and split into many Moire mini-bands, whose energy scale decreases from the original bandwidth by orders of magnitude [12] [13] [14] [15] [16] . As shown in Fig.1b , the distance between the two valleys is about 62.5 times as long as the Moire wave-vector, so the Moire coupling between the two valleys are exponentially small and can be neglected. As a result, the valleys that were connected within one band are now well separated and compose two degenerate Moire mini-bands. In real space, this means that the valley degree of freedom becomes a local orbital in the Moire superlattice, analogous to the physical spin.
Using the effective two-component Hamiltonian for the TLG [4] , we have calculated the band structures with the Moire scattering potential V M assumed to act only on the bottom graphene layer [11] . The details are given in Appendix A. Since the two valley bands are related by the mirror transformation M x , we can focus on just the K valley. In Fig.1c , the electronic structure for the bands of valley K is displayed. The contour plot of the corresponding valence band near the charge neutral point is shown in Fig.1d , which is qualitatively comprehensive as a folded version of the massive warped triple Dirac dispersion. We notice that the trigonal warping term in TLG is significant in determining the Moire valence bandstructre. As the mBZ is about 62.5 × 62.5 times smaller than the original BZ, the tiny splitting of the Dirac points become remarkable in the mBZ: the Dirac points separated from K s almost get to the other corner of the mBZ at K s . Hence, the flat dispersion between those three Dirac points now dominate most area of the mBZ. Indeed, the kinetic energy scale is quenched from about 1 eV to 20 meV. As the Dirac points are further gapped out by the Moire potential, the valence band is well isolated. Besides the flatness, there are two most significant features in this bandstructure. First, the halffilled Fermi-surface (FS) is subjected to remarkably good nesting instability between the two valleys. Second, the splitting of Dirac cones leaves the triple van Hove points along zone boundary in the vicinity of K s . The stronger Moire potential, the closer the van Hove points merge towards K s .
Our further calculation also shows that the valence band has nonzero valley Chern number C = ∓3 without breaking T (see Appendix A), which implies the existence of topologically protected edge modes when it is fully filled, consistent with the recent paper [32, 33] . However, we are mainly concerned with the quarter-or halffilling Mott physics, where the Berry phase accumulated by the occupied electrons is not quantized. Therefore, we do not explicitly consider the topology but utilize a minimal one-band tight binding model to characterize the electronic band structure.
III. MINIMAL TIGHT-BINDING MODEL
The minimal tight-binding model in a phenomenological sense is restricted by the symmetries and the fingerprint of the mini-valence-band: the triple van Hove points and the nesting instability. In the triangular Moire superlattice sites labelled by α (Fig.2a) , one can treat the two valleys as a pair of pseudo-spin, and use τ a=x,y,z to denote the Pauli matrices of the valley pseudo-spin. Since the valley degrees are decoupled, the nearest neighbor hopping should conserve the valley degrees of freedom. As the two valleys are related to each other by M x or T , they are intrinsically born of chiral character and may carry a flux. The time reversal symmetry T requires the two valleys to have opposite flux phases, and M x swaps both the hopping directions and valley degrees of freedom, which fix the phases in the hopping integrals (Fig.2a) . Therefore, the minimal tight-binding spinless model for the valence band of the TLG-hBN heterostructure is given by where δ = (1, 0) and (−1/2, ± √ 3/2) are the nearest neighboring vectors of the primitive unit cell, ν = ± denote the valley indices, the fluxes alternate between the β and β triangles, and the hopping parameter t effectively measures the valence bandwidth. The flux penetrating each triangle is given by Φ = 3φ for the valley "+", and opposite for the valley "−", so this is a valleycontrasting chiral tight-binding model. According to the experiment and the mini-band calculation, the hopping integral t should be of order of magnitude˜10 meV, which is quite comparable to the estimate of the local Coulomb repulsion [11] . For simplicity, we model the local Coulomb interaction with on-site inter-valley repulsion:
where the valley degrees of freedom plays the similar role to the spin degrees of freedom of electrons.
In general, the model is invariant under lattice rotation (2) s , and valley conservation symmetry U (1) v = e iτzθ/2 . As the reminiscence of its orbital character, the valley degrees of freedom on each site would be flipped by the spatial symmetry I and T . The band dispersion for the valley + is given by k = −2t δ cos(k·δ+φ)−µ, which varies with the phase φ. When φ increases 2π/3, the bandstructure is periodic up to a phase shift because k (φ + 2π/3) = k−Q (φ) with Q = (4π/3, 0). Physically, increasing φ by 2π/3 is equivalent to increasing the flux Φ by 2π. In general, the valley band dispersion is trigonally warped by the nonzero flux which breaks C 6 τ x symmetry. The flux Φ = 3φ essentially tunes those three C 3 -related van Hove points. When Φ varies from 0 to π/2, these van Hove points approach to K s along the mBZ boundary. Right at Φ = π/2, they merge into one triple van Hove point, as shown in the expansion around K s :
where
, and k ± ≡ k x ± ik y . Further increasing the flux would drive the van Hove points towards K s through the mBZ center Γ s (for more detail see Appendix A). Now we can see that the flux around π/2 yields qualitatively the same bandstructure as the one we have obtained in Fig.1c and 1d , as both the nesting instability and the van Hove singularity display ( Fig.2b and 2c) . In principle, the exact value of Φ can be determined by matching the position of the van Hove points. In the following, we will focus on the ideal limit Φ = π/2, which reveals the essential correlated physics in the TLG-hBN heterostructure.
When Φ = π/2 at half-filling, the Fermi surfaces become two perfect triangles which touche the mBZ corners, as shown in Fig.2b . In this case, the two Fermi sheets are perfectly nested, linked by the vectors Q = (4π/3, 0) and (−2π/3, ±2π/ √ 3). These three nesting vectors are equivalent to each other, because they are simply related by the reciprocal vector. More explicitly, due to the particle-hole symmetry k = − −k−Q , the FS of the two valleys are exactly degenerate. Even in the weak coupling limit, the van Hove singularities strongly enhance the local interactions. In the presence of the perfect nesting instability, the inter-valley scattering will dominate among all local interaction channels and drive the system into the inter-valley order described by the order parameter
Under the mean-field approximation, the inter-valley interaction is decoupled as
which can be diagonalized and the order parameter is determined by the self-consistent equation
If we further assume that the overall mBZ contribution is dominated by a narrow shell of width D around the Fermi energy, the solution to the above equation is then given
where N (0) is the density of states at the Fermi level. At half-filling, N (0) diverges, and an infinitesimal interaction V can induce a finite inter-valley long-range order and gap out the Fermi surfaces completely. This has been confirmed by the numerical solution to the self-consistent equation. Actually this is a very peculiar insulating state induced by the inter-valley scattering V . In real space, ∆ Q describes an inter-valley spiral long-range order of the valley pseudo-spin:
with ψ † r = (c † r,+ , c † r,− ). The nesting effect between two valley degrees of freedom successfully explains the Mott insulating phase at half-filling [11] . Nevertheless, when the FS shows less prominent nesting, the weak coupling theory alone can hardly be justified. To probe the complete correlated physics, we will keep the band structure unchanged to explore the effective model Hamiltonian in the strong coupling limit.
IV. STRONG COUPLING THEORY AND MOTT PHASE
Since the strong and weak coupling limits of the conventional one-band Hubbard model are adiabatically connected to each other, it can be expected that the correlated physics in the strong coupling regime is closely related with the weak coupling physics. By assuming V t, we can treat the kinetic term as a perturbation. At zeroth order, the Hilbert space is separated into two Hubbard-like sub-bands by a charge Mott gap ∼ V at half filling. To pin down the many-body ground state, we need to resort to the second order perturbation. When the kinetic energy is regarded as a perturbation, the second order perturbation calculation leads to
where P 1 restricts the local Hilbert space to that of one electron per lattice site n = 1. The virtual hopping process between the nearest neighbor sites can induce an antiferro-valley exchange interaction:
where J = 4t 2 /V and the valley-pseudo-spin operators have been expressed by
Such an exotic valley-exchange interaction arises from the virtual hopping process between neighboring sites (Fig.3a, 3b, 3c) , which inherits the SU(2) v -breaking valley-contrasting flux. It is known that, for the antiferromagnetic spin-1/2 Heisenberg exchange interaction on a triangular lattice, the Neel order along S z direction is frustrated by the lattice geometry and hence the spin moments are compromised to form a coplanar 120
• order [40, 41] . The antiferro-valley exchange interaction, however, carries a flux that can further lower the ground-state energy for the coplanar order. Apparently, as φ = π/6, each valley pseudo-spin in H J is rotated by 60
• before making the inner product with its neighbors, and hence every bond wins the most energy gain −J/4 from the 120
• order. From another perspective, it is such a surprising coincidence that the flux φ = π/6 not only yields the qualitatively correct band structure to match the weak coupling theory, but also optimizes the ground state energy of the 120
• valley ordering Mott state from the strong coupling limit. It is remarkable to notice that this state is indeed adiabatically equivalent to the IVS order at half-filling, when the charge degrees of freedom are frozen by the strong Coulomb repulsion. Both the weak and strong coupling theories thus point to the same Mott insulating state.
In the above analysis, we have neglected the spin degrees of freedom in our model formulation for the sake of clearness, because the singular Fermi surface structure strongly enhance the valley interaction only. When the spin degrees of freedom is retrieved, however, the corresponding insulating phase at quarter-filling is given by the spin-polarized antiferro-valley 120
• ordering state, while the half-filling insulating phase will be replaced by the spin-singlet antiferro-valley 120
• ordering state. The detailed discussions are given in the Appendix B.
V. INTER-VALLEY SUPERCONDUCTING PAIRINGS
When the Mott insulator is lightly hole doped, the unconventional superconductivity is expected to emerge. In the strong coupling limit, the second order perturbation calculation can give rise to an effective U(1) v symmetric effective t-J like model:
In principle, this valley-exchange interaction can lead to inter-valley and intra-valley pairings. However, the trigonally warped, highly anisotropic valley FS do not respect the symmetry I·τ x , and so the intra-valley Cooper pair on the FS would have a finite momentum. Such a pairing can be ruled out, leaving us only the inter-valley pairing driven by the valley fluctuations. According to Eq.11, the effective valley exchange interaction can be decomposed into one attractive and three repulsive channels:
Usually, the mixing between spin singlet and triplet would entail the mixing between even and odd parities. Nevertheless, the valley is different from the spin due to its vestigial orbital character, and both valley singlet and triplet are found to be of odd parity under the inversion transformation. However, the valley singlet is odd under the time reversal symmetry T , while the valley triplet is even (Table.I) . Therefore, as a complex mixture, ∆ † r,r+δ is odd under both inversion and time reversal. symmetry spin valley singlet triplet singlet triplet exchange
By transforming the attractive interacting channel into the momentum space, we obtain the pair interaction in the Cooper channel:
which describes the interaction of Cooper pairs c † k,+ c † −k,− from the two valleys (Fig.4a) . The form factor of the pair interaction is thus given by According to the C 3 representation, V k,k can be decomposed into three channels:
It can be checked that S k corresponds to the trivial swave representation of C 3 with zero angular momentum, which has been ruled out by energetics. The remaining two channels D k and D * k are energetically favorable because D −k−Q = −D k , and these two channels correspond to the chiral representations with ±1 angular momentum, related by mirror reflection or time reversal. Condensation of either one of these two pairings would spontaneously break the time reversal symmetry and mirror reflection symmetries M x/y . Without loss of generality, we might pick up D k for a further discussion.
It should be reminded that the above kinetic term and interaction term should be subjected to a projector that carries out the particle constraint in the strong coupling theory. For simplicity, we confine our discussion below to the hole doping of the 1/2 filling case. To tackle with the particle constraint, we decompose the electrons into bosonic slave holon and fermionic "valleyon" c r,ν → h r f r,ν , which should obey the constraint h † r h r + ν f † r,ν f r,ν = 1. This decomposition manifests the valley-charge separation in the valley doped Mott states. As we are mainly concerned with the pairing instability, our following discussion will be based on the fact that the holon is condensed, leaving the vallyons. The kinetic term PH t P then turns to describe the valleyon with the similar band structure with a renormalized energy scale t →t = t h 2 , where h 2 is equivalent to the dopant concentration (1 − n r ),
where˜ k ≡ −2t δ cos(k · δ + φ) − µ. Therefore, we are led to a valleyon Fermi-liquid with two triangle shaped FS related by the inversion symmetry (Fig.4a) .
When the Cooper pair with angular momentum +1 is condensed,
the pairing interaction under the mean-field approximation is decoupled into
Near the mBZ center Γ s , the pairing form factor can be expanded as
, which contains the p + ip pairing form to the leading order. Indeed, we investigate the pairing gap on the FSs of lightly hole doped 1/2 filled Mott state (Fig.4b) , which exhibits amplitude anisotropy and winding of phase by 2π. The gap maxima are located near the FS corners while the gap minima are at the middle point of each arc of the near-triangle-shaped FS.
To gain a better insight, we explicitly map out the vector field of the complex pairing form factor D k in the mBZ: d k = ∆(ReD k , ImD k ). As shown in Fig.5 , in each mBZ there are three vortex cores residing on the Γ s = (0, 0), K s = (−4π/3, 0), and K s = (4π/3, 0), respectively. In addition, three anti-vortex cores are located at −Q/2, i.e. (−2π/3, 0) and its C 3 counterparts. These anti-vortices give rise to the sign changing from k to −k − Q. In our simple band model with only nearest neighbor hopping, the hole doped valley FSs avoid all the zeros and hence are fully gapped, despite a nonzero gap minima near the anti-vortex cores. What's more, each FS encloses only single vortex core residing at Γ s , which explains the phase winding by 2π. This indicates that it is adiabatically equivalent to the chiral p+ip pairing condensate, except that the form factor is trigonally warped. The mean-field superconducting Hamiltonian can be eas-
Vector plot of the complex pairing form factor with the momentum following that of valley " + " in (a) and that of valley " − " in (b). The triangle-shaped FS is highlighted by blue/red lines for valley " ± ", respectively. The black hexagon marks the mBZ. The arrow denotes the complex vector of pairing form factor in momentum space, with its length (color) standing for the pairing amplitude and its direction indicating the pairing phase. The small black circles inside the figure denote vortex cores while the black crosses denote anti-vortex cores, both of which are zeros of the pairing condensate. The vortex cores are located on Γs, Ks and K s . The anti-vortex cores reside at (−2π/3, 0) and its C3 counterparts. The FSs are fully gapped and the pairing condensate winds 2π around them.
ily proved to yield a Bogoliubov de-Gennes topological Chern number for each valley,
whereĥ k is the unit vector of
Moreover, the chiral feature is manifested in real space as ∆ r,r+δα ∝ ∆e iα2π/3 , where δ α = (1, 0) and (−1/2, ± √ 3/2). The mean-field Hamiltonian can then be diagonalized straightforwardly as
in which
v symmetry is present, the Bogoliubov excitations still carry the valley as a good quantum number:
The numerical calculation yields the values of the mean field order parameters.
Before closing this section, we would like to remark that, when being further distorted by the next nearest neighbor hopping, the FS may enclose the anti-vortexcores, leading to the possibility of the d − id pairing symmetry with Chern number C = −2 instead. Actually, the d − id pairing symmetry is much more commonly studied in the triangular lattice model driven by antiferromagnetic fluctuation [42] [43] [44] . We emphasize that the exceptional possibility of p ± ip pairing symmetry in this system is due to the nonzero valley-contrasting flux, which breaks the symmetry C 6 τ x down to C 3 and mixes the Cooper pairs with three unit difference of angular momentum. It is interesting to see that, by tuning the FS or tuning the flux, there could be a topological phase transition between d ∓ id and p ± ip pairing superconductivity.
A thorough consideration of the spin degrees of freedom of electrons slightly complicates the pairing symmetry. Since the valley degrees of freedom of the Cooper pairs have odd parity, the spin components of the Cooper pairs should be in the triplet channel related by SU(2) s symmetry. Thus the most favorable pairing symmetry can thus divide into four representative candidates as shown in Table. II. Depending on the FS, the angular momentum of Cooper pair could be ±1 corresponding to the (p ± ip) superconductivity or ∓2 corresponding to (d ∓ id) superconductivity. The chiral types are in general given by
, wheren is an SO(3) unit vector specifying the direction along which the spin rotation symmetry SU(2) s is spontaneously broken down to U(1) s (Ref. [45] ). For the simplest case, we might choosen =ŷ, which gives rise to (p ± ip) ↑↑ + (p ± ip) ↓↓ or (d ∓ id) ↑↑ + (d ∓ id) ↓↓ intervalley Cooper pairs. While the bulk is fully gapped, it supports four or eight branches of chiral Majorana edge modes counting spin and valley degeneracies. The representative of the helical types are composed of the counter chiral spin up and spin down pairing condensates, which completely breaks the spin rotation symmetry but preserves T . It supports two or four counter-propagating chiral Majorana edge modes. 
VI. DISCUSSIONS AND CONCLUSION
Compared to some recent works related with the Mott states or superconductivity of TLG/hBN Moire superlattice [17, 26, 32] , our theory is different from theirs in the following aspects. While Xu and Balents [26] studied the pairing symmetry driven by SU(4)-symmetric spinvalley-exchange interaction in the presence of Hund's coupling, our strong coupling model is shown to feature the valley-contrasting flux and the U(1) v exchange interaction instead. The breaking of valley symmetry from SU(2) v down to U(1) v is the crucial ingredient of our theories, which leads to totally different Mott states. At the 1/2 filling, our flux stabilizes the antiferro-valley 120
• order. Their model Hamiltonian would yield a valley singlet 120
• spin order instead. Further experimental probes of the Mott state can judge whether our model or theirs is correct. Furthermore, our flux also gives rise to the exceptional possibility of p ± ip pairing symmetry besides d ∓ id. Senthil et al [17] also presented a valley-contrasting flux model and discussed its strong coupling effective model, but they did not specify and discuss the flux effects. Unlike ours, their leading spinvalley exchange interaction preserves SU(4) symmetry and therefore would not yield our result. In Senthil's most recent paper [32] , they showed that the Moire valence band could have a nonzero valley Chern number. They argued the SU(4) ferromagnetism and each Hubbard band is both spin-polarized and valley-polarized, which lead to the interaction-driven valley Chern insulators at quarter-or half-filling. However, as we have shown, the energetics favours the antiferro-valley order instead of the ferro-valley order at half fillings. In this sense, the corresponding valley-filtered band is not fully filled to yield a quantized Berry phase. But our predicted topological superconductivity upon doping is not related with the valley Chern number.
Next we come to discuss the generalization of our model. In experimental manipulation and utilization, the multi-layer graphenes over hBN has a great advantage in that their bandstructure can be efficiently controlled by a perpendicular electric field. We have elaborated on the TLG/hBN without the perpendicular electric field, where the Mott insulating phases and pairing symmetries depend on the flux and hence on the effective bandstructure. It would be interesting and necessary to investigate further what changes could be induced to the correlated physics under the perpendicular electric field. As shown in the Appendix C, the application of a perpendicular electric field significantly alters the bandstructure, which can nevertheless still be described by our minimal model with the varying flux from Φ = π/2 to 2π. The electric field therefore provides a way to tune the flux, potentially leading to a richer correlated phase diagram. We leave such further investigation in a future study.
Last but not least, the most essential ingredients of our model, i.e. the valley-contrasting flux and U(1) v valleyexchange interaction, should be the generic features of the multilayer graphene-based Moire superlattices, beyond the electrically controlled TLG/hBN. With possibly more neighbor hopping and different choices of flux, our minimal tight-binding model should be able to account for other similar multi-layer graphene-based Moire superlattices. For example, according to our calculation (see Appendix D), the AB-stacked bilayer graphene (BLG) over aligned hBN has the similar valence band structure to the TLG/hBN with van Hove singularities and nesting instability, except that the bandwidth is relatively larger. Its electronic band structure can likewise be captured by our valley-contrasting flux model. Despite its relatively large bandwidth, this material has some advantages, because it is easier to fabricate and more commonly studied in experiments. Besides, the bandwidth can be further controlled by applying a perpendicular electric field. From a weak coupling point of view, we expect that the BLG/hBN is likely to exhibit the Mott insulating phase with IVS order at half-filling.
As for the experimental consequences of our Mott insulating order and the topological superconductivity, there are several possible measurements to be checked. First, the Mott states at 1/2 filling exhibits the inter-valley 120
• order. This order entails valley coherence, which may be detected by an optical experiment as the two valleys correspond to the left and right circular-polarized light, respectively. Besides, concerning the orbital character of the valley, a spatial charge modulation would also occur in the microscopic graphene lattice. As the two valleys in the original BZ are located on the opposite corners, the momentum interference induces √ 3a × √ 3a charge pattern in the microscopic graphene lattice. Second, since the p + ip pairing superconductivity is degenerate with that of p − ip, there are likely to form domains between these two superconducting phases below the critical temperature. While the domain is supposed to show fully superconducting gap, on the domain walls there are expected to be topologically protected gapless fermion modes. These signatures are amenable to STM probe. On the other hand, our theory also predicts the pairing gap anisotropy, with gap minima at the middle point of each arc of the FS, which may possibly be confirmed by laser ARPES measurements with a high resolution. The discussion is likewise for the d ± id candidates.
In summary, a valley-contrasting chiral flux spinless model with local Coulomb repulsions between valleys has been proposed. In particular, the φ = π/6 flux not only yields qualitatively correct band structure, but also breaks the valley SU(2) symmetry and minimizes the exchange energy of the antiferro-valley 120
• long-range order. Besides, the flux mixes valley singlet and triplet pairings, leading to the spin triplet p ± ip pairing superconductivity besides the d ∓ id symmetry, as driven by valley exchange interaction. gives rise to the Moire reciprocal lattice. Therefore, the Bloch Hamiltonian in mBZ can be obtained aŝ
where q = mG 1 + nG 2 denotes the reciprocal lattice site. By exact diagonalizingĤ ef f (k), we obtain the low-energy mini-band structure of the TLG-hBN heterostructure. The calculation result in this paper is performed by truncating −5 ≤ m ≤ 5 and −5 ≤ n ≤ 5. Besides, we perform the Fourier transform to change the Bloch wave function to the real space for each momentum k:
Then from the probability distribution q u 
The real space distribution of Bloch states at high symmetry points and the LDOS of the total valence band are shown in Fig.6 . Note that the Bloch states at Γ s percolate and K s are localized on the α zones, while the K s Bloch state near van Hove singularity percolates and peaks at β zones instead. Due to the large density of states near van Hove singularity, the K s dominates the LDOS of the total valence band. Since we are mainly concerned with the valence band, which is well separated from the conductance band, we do not distinguish the two layer degrees of freedom.
Otherwise there would be a two band model instead. As the two valley degrees of freedom are related via the mirror symmetry M x , they have the same LDOS distribution, which matches a triangular lattice. Although the maximum of the LDOS is shifted to β zones, the LDOS is not at all depleted in α zones. The Wannier function is therefore located on either α or β zone. The tight-binding model of the low-energy valence band should therefore be defined on a triangular lattice with two valleys on each site. Without the sublattice degrees of freedom, it leads to an equivalent minimal model whether the Wannier center is located on the α or β zone, as both of them share the same symmetries C 3 and M x . For the symmetric reason, we have assumed that the Wannier center is located on the α zones.
Besides, the valence band of valley K is found to exhibit nonzero valley Chern number C K = −3 (Fig.7a) 
